The National Bureau of Standards1 provides measurement and technical information services essential to die efficiency and effectiveness of the work of the Nation's scientists and engineers. Hie Bureau serves also as a focal point in the Federal Government for assuring maximum application of the physical and engineering sciences to the advancement of technology in industry and commerce. To accomplish this mission, the Bureau is organized into three institutes covering broad program areas of research and services: THE INSTITUTE FOR BASIC STANDARDS . . . provides the central basis within the United States for a complete and consistent system of physical measurements, coordinates that system with the measurement systems of other nations, and furnishes essential services leading to accurate and uniform physical measurements throughout the Nation's scientific community, industry, and commerce. This Institute comprises a series of divisions, each serving a classical subject matter area:
Introduction
This paper is a condensed version of a lecture on "Error of Measurement" presented by Paul E. Pontius and Joseph M. Cameron at the Seminar on Mass Measurement, held at the National Bureau of Standards, Washington, D. C., November 30, De cember 1 and 2, 1964. and is essentially as presented by Paul E. Pontius at the 20th Annual ISA Con ference held at Los Angeles, California, October 4-7, 1965 .
It is a review of the mass measurement process from the initial basic concept to the statement of a measured mass value, examining in more or less detail certain important elements which are apt to be misunderstood, or perhaps misused. The im portance of viewing measurement as a production process is emphasized and methods of evaluating process parameters are presented. The use of one of the laboratory's standards as an additional unknown in routine calibration provides an accuracy check and. as time goes on, the basis for precision and accuracy statements.
Mass Measurement Requirements
One role of the Bureau is to provide an extension of the mass measurement unit into the facilities of those who must use mass values to do other useful work. . . . These large weights, for example, are for use by another part of the Bureau to calibrate force measuring devices.
The calibration service provides values for single, selected groups, and ordered sets of standards. the values being with reference to the national standard of mass. These values, together with a value (or I heir uncertainty, allow each user to de termine, in combination with his measurement process, the uncertainty of his measurements.
The three photographs above started with a group of standards whose cumulative total mass was in excess of one million pounds, and ends with a micropound standard, a range in excess of ten to the twelfth power (10 1~).
The aiming point for our measurement is to establish the mass, or true value, of a particular object for it is, in concept at least, unique and invariant. If, for example, accuracy within .01 percent is sufficient for our purpose, the target center is the area within the next to the last circle. Our measurements may group on either side of dead center, or may be randomly scattered across the center of the target, but as long as the spread is essentially within the target circle, the process is satisfactory for its intended use. Troubles arise when realistic requirements are divided by large arbitrary constants as specifications pass through various groups of people in a complex organi/ation. Measurements accurate to better than .01 percent require attention to many details under more or less ideal conditions, and may not be obtainable under adverse conditions, consequently the entire meas urement effort may be lost if the end use involves measurement processes of questionable precision. In the case of calibration, for example, in order to utilize the accuracy inherent in a good calibration, the user must work just as hard in his measure ment process as the calibration facility did to de termine the value of the standard originally.
The importance of incorporating the properties of the measurement process in s-etting up require ments or specifications is illustrated by the problem of adjustment tolerances for different classes of weights.
The accuracy requirements for a measurement are set partly by experience, partly by discussions with others, and partly by analysis. For a par ticular purpose, the accuracy requirement must be established with care, as it provides a point of de parture for the entire measurement process. 
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The Class M and Class S adjustment tolerance limits for selected weights are shown in the two right hand columns. The uncertainty associated with the stated value for standards of the same nominal value is shown in the 2d column and the precision for a single measurement is shown in the 3d column. If one tries to establish the com pliance with Class M adjustment tolerances by a single weighing against a known standard, the uncertainty of the process would be as shown in the 4th column. This uncertainty, compared with the quantity we are trying to detect, is such that in the first 4 cases the measurement uncertainty is a large fraction of the tolerance so that only those items well inside of tolerance have a good chance of being passed. A measurement procedure more sophisticated than a single comparison with a known standard may he desirable. We would he in greater difficulties if we were to try to establish compliance with Class S adjustment tolerances in the same manner with reference to ('.lass M standards, which are known only to be within the Class M tolerance limits. In 4 of the 6 examples, the process uncertainty is of the same order of magnitude as the quantity we are trying to check. These examples illustrate the necessity for a careful evaluation before venturing a commit ment on the performance of a particular measure ment process. [ I oH25.863-r 0.005620) x 10 b
By practically universal agreement, the mass of the International Prototype Kilogram is the basic unit for mass measurement. It is a particular object, defined to have an exact invariant mass of one kilogram, that is to say, the true value is one kilogram. The volume and the coefficient of volu metric expansion are necessary to determine the best estimate of the true value of other objects compared with this standard.
TRUE VALUE SCALE SUBDIV/SIONS AR£ CALLED WOMWAL V4LU£$
With the unit defined, we can logically construct a true value scale which has the property that some point on the scale will correspond to the mass of any chosen object. We call the major subdivisions of this scale nominal values. Other customary units, such as the pound, are not ambiguous if they have an exact definition relative to the basic unit. An intermediate point on the scale can be described either relative to the whole scale, as for example, 9.995 grams, or relative to the closest nominal value, in which case the point would be described as 10 grams minus 5 milligrams. The minus 5 milligrams may be called a correction or error, depending on one's viewpoint. The use of a nom inal value and a correction is often convenient in computations, however, the word "correction", or "error", overly emphasizes the importance of the nominal value. Interpretation of tolerance limits on the value of the standard as the error automatically disregards the primary benefits of a good calibration. Only an ideal measurement method or process can produce true values of multiples and subdivisions of the basic unit which will exactly coincide with nominal values on the true value scale. It should be emphasized that, from a measurement standpoint, adjustment to nearly coincide with a nominal value is necessary only to assure an "on scale" condition when intercomparing equal nominal summations.
In our previous example, we elected to interpret the adjustment tolerance limits associated with our Class M set as the uncertainty of the value. While this may be appropriate with respect to the nominal value, such an interpretation raised serious doubts as to our ability to test the Class S weight set. If we had used the actual value and its un certainty as a basis for our tests, the doubt essen tially disappears. With minor modification at the 10 g level, the uncertainty of the values established for the Class S weights by our single measurement is clearly suitable for the task at hand. It must be emphasized that our apparent increase in measure- 
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Our access to the true value scale as established by the international standard is through prototype kilogram number 20. The estimated true value of number 20 is 1 kilogram minus 19 micrograms, based on several measurements. We can construct an accessible true value scale by setting off from the value of kg 20 an amount equal to the correc tion. Practically, the stated value is assumed to be exact, the uncertainty of the value introducing only a slight systematic error in our reconstructed scale.
By comparing other objects with kilogram 20, either singly or in combination, we can assign values relative to our accessible scale. A sufficient number of well calibrated standards which can be intercompared, and which may occasionally be compared with our prototype standard, serve to maintain our scale with perhaps a greater precision than was available in the starting measurements. 
PERFORMANCE PARAMETERS
A practical measurement method is easy to vis ualize in the form of a broad outline of the elements of the method such as, the concept of the quantity to be measured, pertinent physical laws, various instruments, standards, the operators, procedures to be used, the environment in which the measure ments are to be made, the computations which are to be made, and a means of establishing some parameters of performance. As we briefly review some of these elements, we will find that every mass measurement facility has many things in common.
Mass is an inertial property of an object, which, within the framework in which our measurements apply, is considered to be proportional to the amount of material. Mass is generally thought of as being measured through some application of
Newton's law of gravitational attraction, however, it is perhaps more precise to say that measurements are made by comparing the forces attracting sus pended bodies toward the earth that is the net vertical forces including the effects of G, air buoyancy, rotation of the earth, etc.
variety of requirements. Modern computation equipment ranging from desk calculator to elec tronic computer are now widely available so that laborious long hand computations are no longer necessary.
The environment in which the measurements are made does not vary substantially between calibra tion facilities. Weighing rooms are almost uni versally clean, with restricted access, and relatively free of vibration. With the possible exception of freedom from vibration, these desirable features are easily obtained.
People operate the equipment, following pre scribed procedures. Operator skill increases with practice, and in time, operators in a given group approach a uniform level of skill.
Each comparison, or weighing, consists of a se quence of operations, more or less formalized. Detailed procedures and weighing designs, ranging from simple to complex, are available for a wide
CHECK ON SENSITIVITY CHECK ON DIFFERENCE
While perhaps not generally considered so, analysis is a part of the measurement method. Whether done by machine . . .
. . or by hand, the analysis verifies that such parameters continue to be applicable. 
A PARTICULAR MEASUREMENT METHOD
INSTRUMENT
F-TEST.t-TEST
A particular measurement method is like a specification for a particular measurement. The specific instrument, the standards to be used, the specific operations to be performed and the planned sequence in which they are to be carried out, the operator, the location, and the method of computa tion and analysis, collectively define a particular measurement method. Until the measurement has actually been made and analyzed, the performance is only "on paper" and therefore ideal.
A MEASUREMENT PROCESS
PRODUCES:
I .A USEFUL
MEASURED VALUE 2. AN ESTIMATE OF UNCERTAINTY FOR THAT VALUE
A measurement process involves the actual physical operation of the specified equipment fol lowing the procedures as closely as possible. It is subject to the many variations that can and do occur during the operation. The end result is an estimated best value, which, in order to be useful, must be accompanied by the uncertainty with ref erence to known performance parameters.
Changes in any one or in a group of elements of the method constitutes, in effect, a different par ticular method and a different process which will in turn produce a different result and a different un certainty. Small changes can make the difference between a useful value or a wasted effort.
INSTRUMENT ARE DIFFERENCES IN INDICATION TO BE INTERPRETED AS A... DIFFERENCE IN MASS?
OR
PROCESS VARIABILITY?
Because we must establish the mass of the object in question by measuring the mass difference be tween it and some known standard, the comparator is a vital element in the process. The inherent characteristic of the comparator is precision not accuracy. The fundamental question is whether the indicated difference is really a mass difference, or an indication of some other variability. While we may be able to identify large sources of vari ability, in the limit, we cannot differentiate between instrument precision, variability from extraneous sources, or variability of the standard.
= 0
We start l>y determining the indicated difference between two objects that are nearly alike.
OBSERVATION EQUATIONS OBSERVATION EQUATIONS a, =
From our first comparison, it appears that the round knob weight on the left is clearly heavier than the Mat knob weight by one scale division. If we stop here, we would simply state the value of one object in terms of another, however, we have no way of knowing the uncertainty to associate with this value.
OBSERVATION EQUATIONS a, =
If we repeat the comparison at some other time, we are quite likely to obtain a different result. This raises a serious question which of the two results is correct?
We repeat the comparison again . . . . . . and again. Now there are four different values, none of which alone can be considered the best measure of the difference, but considered as a group they can tell us something about the OBSERVATION EQUATIONS instrument. Continuing to record the indicated difference between two similar objects, and pref erably making the comparisons in the environment in which the instrument is to be used, a plot is made against time of the differences which may look like this.
The first plot indicates a severe rounding off, which may be from several causes. Such a re sponse clearly lacks the appearance of randmnness. The second plot at least appears to be random. The third plot, while perhaps appearing to be random, obviously lacks the precision of the sec ond plot. The range, of the differences as plotted gives us an idea of the smallest mass difference that can be detected with assurance, and is ob viously related to the requirements our measure ments must meet. Repeated independent meas urements of the same mass difference are essential to the evaluation of the instrument.
REASONABLY CONTINUOUS RESPONSE THIS
The operator, or manufacturer, must search for cause and effect until repeated indications for the same load, or differences are reasonably con sistent. Effects which are periodic in nature, but with a period significantly longer than the period of the instrument, can be minimized in the design of the weighing method.
One additional requirement, generally beyond the control of the operator, is that of linearity. An instrument, used as a comparator rather than a direct reading device, requires linearity only in the neighborhood of the actual load.
PROBLEM:
OBSERVED DIFFERENCES TO MASS DIFFERENCES METHOD:
The problem of establishing the correspondence between observed differences and mass differ ences is a part of the weighing method. The first two methods, substitution and transposition, are comparative methods. That is to say, the method requires observations relative to a suitable stand ard along with the unknown. With these methods, the measurement equipment need be continuous only over the time interval required for making a group of observations and linear only over the range of the difference between the standard and the un known. Most direct reading equipment is in a sense a substitute standard, that is, at some point in time it is calibrated with reference to a stand ard, and from that point until recaiibration, it is generally assumed to have a long term constancy approaching that of the standard. Most mass measurement equipment can be used either way. The smallest uncertainties invariably will be asso ciated with the comparative mode oi operation.
Weighing Method
REASONABLY LINEAR IN THE
NEIGHBORHOOD OF THE LOAD + I0mg
LOAD SUBSTITUTION METHOD
To illustrate the principle, the double substitu tion method is performed as follows: We start with a simulated equal arm balance, a tare weight the white cylinder near the base of the balance, a sensitivity weight of known value immediately in front of the dark weight near the center, and two nearly equal brass weights, one with a flat knob in the center and one with a round knob on the left. The scale indication is in arbitrary numbers and the tare weight is necessary to establish an "on scale" condition.
(1)
The first observation is that produced with the round knob weight on the pan.
(1) A-0,
The fourth observation is a repetition of the first step including the sensitivity weight.
B+m -B*±
The second observation is that produced with the flat knob weight, which might be a standard, replacing, or substituted for, the round knob weight.
The third observation is that produced by re peating the previous step and adding the sensitivity weight to the pan load.
Using the requirement for continuity, a relation can be established lor A minus B from the average of the two sets of differences as shown. Using the linearity requirement, the constant of proportional ity A., or the mass value of the indicating scale division can be determined from the second and third observation. Finally, the difference A minus B is expressed as a function of the observations, in ratio form and the value of the sensitivity weight.
fMÂ -B m
With the measurement method agreed upon, let us now discuss its performance we put it into production and see how it works out as a measure ment process. 
Measurement as a Process
PROCESS LIMITS..UNCERTAINTY OR ACCURACY
All usual methods result in very similar relations expressing the difference between two objects being compared. In all cases, A minus B is ex pressed as a ratio between sets of observations multiplied by the value of the sensitivity weight. Obviously requirements for knowledge of the value of M are minimized when the size of the ratio in volving the observation is small. The constant of proportionality, K, is really the ratio in front of the bracket terms which we call the value of the division. The strange equal sign is used to indi cate that the relations shown are observational equations and not mathematical identities.
A measurement process is essentially a produc tion process, the "product" being numbers, that is, the measurements. A characteristic ol a meas urement process is that repeated measurements of the same thing result in a series of non-identical numbers. To specify a measurement process in volves ascertaining the limiting mean of the proc ess; its variability due to random imperfections in [he behavior of the system, that is, its precision; possible extent of systematic errors from known sources, or bias; and overall limits to the uncer tainty of independent measurements. It seems clear that we cannot give an exact answer but will have to content ourselves with a statement that allows for the scatter of the results. Our goal is to make a statement with respect to a new measurement that is independent of all those that have gone before. As indicated in the chart, if we had a sufficiently long record of measurements we could set limits within which we were fairly certain that the next measurement would lie. Such a statement should be based on a collection of independent determinations, each one similar in character to the new observation, that is to say, so that each observation of the collection and also the new observation can be considered as random draw ings from the same probability distribution. These conditions will be satisfied if the collection of points is independent, that is free of patterns, trends and so forth; and provided it is from a sufficiently broad set of environmental and operating conditions to allow all the random effects to which the process is subject, to have a chance to exert their influence on the variability. Suitable collections of data can be obtained by incorporating an appropriate measure ment into daily routine weighing procedures, for example, a daily measurement oi the difference between two laboratory weights, or in the regular calibration of the same weight.
A PARTICULAR MEASUREMENT METHOD
INSTRUMENT
If the measurements tend to cluster when taken close together in time, like the results shown on the chart, some systematic effect is present and cer tainly the results are not independent. This may o> e DIFFERENCES BETWEEN TWO 50 POUND WEIGHTS DAY I DAY2 DAY3 DAY4 DAYS be due to some as yet undetermined cause, and the group means may have the appearance of randomness of the previous chart.
CONTROL LIMITS BASED ON GROUP VARIABILITY -NEXT MEASUREMENT GROUP
The group means mav tend to a limit and the process may have all the properties of a good meas urement system, once the allowance is made for the grouping. It is important that grouping be properly handled in determining the precision of the process. By modifying the process or changing the schedule of measurements to give the effect of independent measurements, we can arrive at a situation like the values on the 200 g standard. The shaded band is meant to suggest a limit, not an artistic slide.
From a study of a sequence of such independent measurements, we can use control chart techniques to set up limits within which the next value should lie. In the case where we have an extremely long sequence, a bar, as illustrated in the chart, can be marked off on either side ol the mean so that some suitable fraction, say 99 percent, of the observations are within the interval represented by its length. .20
I FOR MOST (99%) OF NEW MEASUREMENTS MEAN WILL 8E WITHIN BAR LENGTH OF THE POINT
We can reverse the process and say that the prob ability is 99 percent, that the true value, or limiting mean, will not be more than the width of the bar from any observation chosen at random. This will be true of the next observation as well, provided it is an independent measurement from the same process. The probability statement attaches to the sequence of such statements. For each individual new observation the statement is either true or false but in the long run 99 percent of such state ments will be true.
Assuming that the limits on the chart are based on large numbers oi observations, we would find that very nearly the intended percentage of all such bars, centered on the observed values, would in fact overlap the mean. Only in those cases, such as the points in the area outside of the control limits, will the bar fail to overlap the mean. This is expected in only 1 percent of the cases. More frequent occurrence is a clear indication of either loss of control or that the limits were not properly set. Once we are satisfied that the process has a limiting mean value and is stable enough to permit prediction we turn our attention to evaluating its precision.
Process Precision
Let us now take a look at the situation in weighing to see what is involved in the study of the precision of the process.
OBSERVATION EQUATIONS
A characteristic of a measurement process is that it produces non-identical results. In our previous charts we had measurements of a 200 g weight, here are shown four measurements of the difference in mass. Through the redundancy here 3 extra measurements we get our grip on precision. In weight calibration we do not rely on repeated measurements of the same quantity but achieve the same result in another way.
When we intercompare four objects, for example;, four 1-kg standards, we could use six observations. Weight S is compared with A for ai, S with B for <i-2 and so on. If N were a standard and the rest
THIS NOTATION B MEANS AND REPRESENTS ALL POSSIBLE COMBINATIONS OF FOUR OBJECTS
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unknowns, we again have 3 more measurements than we need and these serve to tell us of the pre cision of the process. A simple example, using only three of the observa tions of the previous series, with S as the standard, A as the unknown, and B as the check standard, might give rise to the values shown. If everything were perfect, all equations representing the weigh ings would be satisfied exactly. Their lack of agreement would give a measure of the variability.
In general, for such weighing, there will be a discrepancy between the observed value and the best value calculated from the data, "best" meaning in most cases the value obtained in the method of least squares. If all is going well, none of these deviations will be too large, and also certain combi nations of them, such as the sum of the squares, will also be well behaved. For statistical analysis the standard deviation. S, is used as the measure for describing variability. The quantity, 5, is a function of the observational errors and will change with each set of data just as the values for the un-^. 
WERE WEIGHINGS BETTER ON THIS DAY?
The argument that the uncertainty should be based on the internal agreement of today's values on the grounds that each day is unique or that weighing conditions are better on one day than on another may well be true. However, it will be expensive to make enough measurements on a given day to be sure that the variability has indeed changed from its long run average or to provide a reliable enough value to represent today's results. If the process did not change, using today's value would be analogous to keeping the last value of a sequence rather than using the mean represented by the dotted line. It is a sign that weighing con ditions are not being reproduced, i.e., that the process is not in control if the standard deviation does not stay within predicted limits. Let us now look again at the check standard. 
Process Mean
ACCEPTED VALUE
Each value obtained for the check standard serves not only a check on the process mean, but also can be used for evaluating the process variability. The same check standard, perhaps one of a group re served for this purpose, is used consecutively in a given procedure until many independent values are obtained.
The importance of randomness cannot be over emphasized. As the collection of independent measurements on the check standard grows, it must be continually re-evaluated with reference to predicting the band within which the next point will lie. Slow drifts or sharp discontinuities are cause for concern until corrected, or satisfactorily ex plained.
If values return to normal after cleaning, one can rest easy, knowing the process is behaving properly. Indication of permanent changes are sometimes harder to explain, and even the most careful lab oratories must occasionally repeat measurements because of troubles with foreign material adhering to or falling off the standard. If the new mean value persists over a sufficient number of measurements. A check on just the value of the standard or just the precision is not enough. It turns out that the value for the precision and the value for the check standard are generally independent, that is, when s is small the deviation of the value determined for the check standard from the accepted value is equally often big and small. For control we need both conditions. I I .02
I .01
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200gSTANDARD CORRECTION
For a given set of observations the precision must be proper as shown on vertical scale and we must have a check on a known weight to establish that the limiting mean has not changed as shown on horizontal scale. Until these conditions are ful filled, we cannot be sure exactly what it is that we are measuring. These are necessary conditions, and in perhaps most cases, also sufficient condi tions to proclaim that the measurement process is in a state of control, as indicated by points within the central rectangle.
include the proper diversity of environmental and other factors and the sequence will, in the absence of seasonal or other systematic trouble, approximate a sequence of independent values. If the weighing conditions are reproducible, then the daily standard deviation, s, and the variability as computed from the values of the check standard will be in agree ment, i.e., the long run average of the variability as estimated from the control chart on the1 standard deviation should approach the corresponding value from the control chart based on the variability of the values of the check standard. Frequently, one is not in as good a shape as that indicated on the slide. When the measurements are spread (Hit in time or space, an additional component of variation enters so that the lower chart gives an overly opti mistic view of the process. A realistic estimate of process variability has to be based on that from the upper chart which reflects the total variation to which the measurements are subject. One would still use the within occasion variability for cheek ing on control of the process, of course. Because the check on the standard is spread over a considerable time interval, the variability will If in calibration we could measure the difference between the standard and the unknown again and again we could make an uncertainty statement similar to those just discussed for the case of measurements of a fixed difference, but in fact, we cannot routinely make enough measurements of this type to permit reliable estimates of the un certainties.
DETERMINING THE MASS OF AN OBJECT AND THE ASSOCIATED
Process Parameters and Uncertainty of Calibration
If we could be sure that our measurements of the difference between the unknown and the standard came from a process in a state of statistical con trol, that is to say a stable process with a known variability, then we could transfer the properties of the process to the individual measurement and be correct a stated percentage of the time.
THE MEASUREMENT PROCESS REMAINS , AND IS, IN A SENSE , A CAPITAL INVESTMENT.
THE MEASUREMENTS, LIKE PRODUCTS , PASS ON TO OTHER DESTINATIONS.
All who weigh, or make other measurements, should concentrate on the properties of the meas urement process the degree to which the process re-creates the same value for its standards and exhihits the same level of variahility. These are the properties that remain. The weights that are calihrated pass on to other destinations. At every stage in the extension of a measurement unit from an accepted standard to the ultimate user, there are three items of interest a standard item, or items, with announced values and associated un certainty, an assemhly of equipment and procedures necessary for making the necessary comparisons, and the items which must he measured to accom plish some useful task. The uncertainty of the values established for the user are of paramount im portance. This uncertainty has two components one associated with the value of the starting stand ard and one reflecting the contribution of the local measurement process. The total uncertainty at any particular place becomes the systematic error for those who must use the service provided. Any report of calibration or report of test must state a realistic uncertainty based on actual process performance. All ol the pertinent data must be included so that the local processes can minimize the introduction of additional systematic errors. The random component of the uncertainty is a func tion oi the measurement effort in the local process, reflecting the actual performance of that particular measurement process.
NBS
REPEATED CALIBRATION SAME OBJECT CLEARLY MEASUREMENT
There is no substitute for the evidence provided by the repeated calibration of the same object, over an extended time period, in demonstrating what the measurement process can do. These measurements should be independent repetitions, made under all the diversity of condition by which the method is affected so as to represent the set of conditions to which we wish our prediction to apply. The internally based precision estimate is applicable only to a narrower range of conditions, and it is only when the measurement conditions arc highly reproducible that thr two estimates of precision become equal. 
